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Basic idea

Solutions of the Dirac equation (w#D” —m)Y(t,x) =

Feynman propagator, external legs Q (x B 33;)
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Solutions of the Dirac equation in parallel
electric and magnetic field

Dirac equation under electromagnetic field:

(v* D, —m)Y(t,x) =0 D, = 8, +ieA,(t,x)
In static gauge:

Al (t,x) = (Ez,0,—Bx,0) (t,x) = e PPy (g 2)
[(po — eE2)° +iv' 0, — (py + eBx)v* +iv°0, — m] ¢(z,2) =0

Squaring the Dirac equation: Spinor equation === Scalar equation

[ Key step in solving the equation! ]

[6{3 + 82 + (po — eEz)® — (py + eBz)? — m? + ieE~%y3 — ierlfyﬂ Flw, 2l =0

the eight solutions of

the scalar equation: Vn (z):harmonic oscillator

£ (61,8 | £) = Vot (€0) Dig 2 [£(1 +)8a] ove functionforn =04,
(61,6 | £) = vac1(&1)Diy, j2—1 [(1 +9)E0),

Frs (61,6 | ) = vn(€1) Dy, 2 (L +0)6d] etsparsbollerineer
frn—(€1,& | £) = vn(&1) Dy, 21 [E(1 +9)&2] -



Solutions of the Dirac equation in parallel
electric and magnetic field

[ oF (2,2 | &) = [(po — eE2) Y + i7" 0 — (py + eB2) v +i7°0. +m] £ _(€1,& | E)xT
= £(i — 1)VeE vn_1 (&1) D, 2 [£(1 +9)&] xT
+ 1V 2neB Un, (61) D'L'H'n/Q—l [i(l + 1)52] X:

Four linearly & w1 (1) Dy, - [ +D)6] 255
independent
solutions: ¢, _(z,2|£) = [(po —eE2)¥? +iv'0, — (py + eBx)v? + 79, + m} T &6 | )X

+iV2neB v, _1 (&1) Diy, y2—1 [F(1 +4)&2] Xt
+ muvp (§1) Dip, jo—1 [£(1 +9)62] XZ.
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Solutions of the Dirac equation in
perpendicular electric and magnetic field

In perpendicular electric and magnetic field, the method of squaring the Dirac equation is
not working!

Lorentz transformation is working:

L.T.
A¥ = (Ez,0, Bz,0) w—) At = (2! (), 0,0) (E > B)

Dirac equation: E' = VE? - B*

(iv* Dy, —m)(z) =0 (i’y“D,’u —m) ¢ (z') =0

P(t,x) = STHA)WY (', x) S7H(A) = exp (gvovz)

‘ +(i — 1)VeE' cosh £D; 5 /2(£¢) + (mcosh § — ip/, sinh ) D; 5 j2_1(£C)

VE (8, %) = e~ i(Pot—paz—pyy) +(i — 1)vVeE'isinh 2 D;y /2(£() + (—imsinh +p+ cosh 2) D;xi j2-1(£C)

’  — 2N /2 TI i /2—1

Lp V2 +(i — 1)vV/eE’ cosh 2 D;r/2(£() — (mcosh —|— ip!y sinh 2) D;ys jo_1(%C)
+(i — 1)VeE"isinh gDM//Q(:l:C) + (zm sinhg —}—p’_i_ cosh 2 ) iV j2-1 ()

. (i — 1)VeE"isinh 2D,y j5(£C) — (zm sinh Z 4+ p’_ cosh g) Dixrj2-1(£Q)

wi st — e~ (Pot—paz—pyy) +(i — 1)VeE’ cosh 3 Dy /2 (£() + (m cosh " + ip’_sinh g) Dy j2-1(%C)
AP 2 F(@ —1)VeE"isinh 2D,y jo(£() — zmsmh” p’_cosh ) Djyrjo_1(£C

2 i 2 /
F(i — 1)VeE' cosh 2D;y /o (£() + (m cosh " —ip’_sinh g) N R = 8
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Solution in an arbitrary uniform
electromagnetic field configuration

Lorentz transformation can transform any constant uniform electromagnetic
field into electric and magnetic fields that are mutually parallel

uniform electromagnetic field parallel electric and magnetic field

L.T.
)

A# = (Ez,0,Byz — B,x,0) A = (\/Ef + EL227,0,—\/ B> +B’22x”,0)
Pl = 5’_1(AB)S_l(AR)u')ﬁﬁp”(t”’ x")

inverse boost operator:

~ ~

S~ (Ap) = cosh (g) I + sinh (g) V2

inverse rotation operator:

0 0
S™H(AR) = cos (5) I —sin <§> Tl

wn,p(tv X) — S_l (AB)S_l(AR)w;{,p” (tﬂv X”)



Some discussions of bound states

Asymptotic behavior at infinity =—————— The presence or absence of bound states

Atz — o0

Dinja (+64) = Aq(§) = e7™8 (2{2)”\/4 e—i€%/2
Dinje (—€4) = €2 A4 (€)
Dz [H:E6¢) =0

= o —'L)\/4 ,L'2
Dixj2—1 (—&+) = A2(§) = m_L%)\/g)e aa (262) et/

At — OO
Vn(‘fl) — 1)

For parallel electric and magneticc
fields, magnetic field gives rise to a
Landau-level-like structure in the
transverse direction, whereas an
electric field does not produce bound
states in the longitudinal direction.

pg = 2neB + m2 —|—p(2)’||

~

oy = H* - (—35 — (8, + ieBz)® — eBEZ) — 2



Feynman propagator in the electromagnetic field

Feynman propagator:
(iv" D, —m) G (z,z') = 6% (z — ')

Feynman propagator of free particles:

A

G = —i (0| Tej(x)¢b(a') 0) / 0]0)
Important effects of electric fields: Schwinger pair production!

in-vacuum and out-vacuum are not equal:

This is why a global definition of particles and
0,in) # |0, out) antiparticles is not possible in an electric field.

Feynman propagator in external field:

G = —i (0, out| T@B(:E)wz(:c’) 0,in) / (0, out|0, in) A €_|_ 4
et €
Bogoliubov transformation relates the in-
vacuum and the out-vacuum: B —
out in * 7, Tin .6
aJ?Out ~ Claqin P CQ*quin 6— °€
b = caa; + cib) ®

e1]” + |ea)? = 1
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Feynman propagator in the electromagnetic field

The field operators can be defined on the in-states and out-states, respectively.

w(x) = E (a;nu;ne—ngt—i—zpyy I bglnv(llnezpot—zpyy)

Dy ,N,S,a,P0

_ § (afl)utugute—ngt-i—zpyy T b;outvgutezpot—zpyy)
Py ,N,S,a,P0

When considering parallel electric and magnetic fields:

How to determine the relationship between the in-vacuum and
the out-vacuum?

Asymptotic behavior of solutions of the Dirac
equation at infinity!
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Feynman propagator in the electromagnetic field

The particles and antiparticles in the in- and out-states are obtained from their
asymptotic forms at infinity:

) —i(pdt—pyy) Z,—(%Z | +),
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Feynman propagator in the electromagnetic field

Use Gaussian wave packets to verify the orthonormality and completeness:

The key difficulties: the stationary solutions are not square-integrable, and the integrals
involving parabolic cylinder functions are difficult to evaluate.

Gaussian wave packet: let () /*OO ipot
D, = dpg Gy 5 e~ ot p(r)(,
the wave function is 7o(t:2) . PoTep (po) po (2)
square-integrable [

&
@(7") ( ) C LI(R) N LQ(R) ] GU ,Po (pO) T 5(]90 - pO)

a,Po
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o,p—0t

+o00 +00
Z / dpy/ dpo n.p0,Py (t, X)‘Ijnpop (8, x')

(n,s)eZ

T i BN TP |

= 6B (x — x')14.
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Feynman propagator in the electromagnetic field

Feynman propagator:

B R ————
51
q

— 8t — )i (@, 2|a)ag" (o', 2/ |a)e Pl iR )]

The Feynman propagator we have obtained is well-defined and also corresponds well
to the Schwinger proper-time method.

1 ———
LG(po,x,x’) = = Z [uglif (x, z|a)u Tha (;g" Z’\a)ewy(y—y’)
ol 4=
+ vé‘}e(a zla)tgy (', 2'|a)e Py (Y’ y)]

l

LG(po,x,x") = 7°6(x—x’) L=po—H
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Summary

1.Analytical Dirac solutions are obtained for arbitrary constant uniform
electromagnetic fields.

2.A well-defined fermion propagator is constructed, consistent with
Schwinger’s proper-time result.

3.Next: apply this framework to scattering processes in early-stage
heavy-ion collisions.

Thank you for your attention!
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